We first review the concept of fuzziness provided by DeLuca and Termini, and the view of fuzziness as related to the lack of distinction between a set and its negation. We then suggest a measure of fuzziness for intuitionistic fuzzy sets. We show that this measure satisfies the required conditions for an intuitionistic measure of fuzziness. We then take advantage of the connection between intuitionistic and interval-valued membership grades to transfer the intuitionistic measure of fuzziness to one suitable for interval-valued fizzy sets.
Introduction
Since Zadeh (1965) first introduced the idea of fuzzy subsets, various authors have attempted to define measures of fuzziness. These attempts have been strongly influenced by De Luca and Termini's (1972) pioneer work, which itself was influenced by Shannon's measure of entropy. Yager (1979 Yager ( , 1980 provided a view of fuzziness as related to the lack of distinction between a set and its negation. For crisp sets, this distinction is always complete. For fuzzy sets, Yager (1979 Yager ( , 1980 suggested using the distance between a set and its negation to formalize the concept of fuzziness. Here we are concerned with the quantification of the concept of fuzziness for intuitionistic and interval-valued fuzzy sets (Bustince and Burillo 1996; Kacprzyk 2001, 2007; Hung and Yang 2006; Zeng and Li 2006; Zhang and Jiang 2008; Zhang, Zhang, and Mei 2009; Ye 2010; Zhang 2013) . We first characterize the concept of fuzziness for an intuitionistic fuzzy set as related to the difference between degree of support for and against membership. We then use the connection between intuitionistic and interval-valued membership grades (Atanassov and Gargov 1989; Cornelis, Atanassov, and Kerre 2003; Deschrijver and Kerre 2003) to transfer the intuitionistic measure of fuzziness to one suitable for interval-valued fizzy sets.
(3) FUZ(F) ≥ FUZ(F * ) if F * is a sharpened version of F, that is F * (x) ≥ F(x) if F (x) ≥ 0.5 and F * (x) ≤ F(x) if F(x) ≤ 0.5. (4) FUZ(F) = FUZ( F), the fuzziness of a set and its complement are the same.
Motivated by De Luca and Termini's work, Yager (1979 Yager ( , 1980 suggested a measure of fuzziness related to the distinction between A and not A, A. Essentially, the closer A is to A the fuzzier the set A. Here we define D p ðA;
AÞ ¼
as the distance between A and A. We note that since A(x i ) = 1 − A(x i ) then
Using these metrics, we can define a measure of fuzziness as
We note that if P = 1, we get the Hamming metric, D 1 ðA; AÞ ¼ P n i¼1 j2Aðx i Þ À 1j P = 2, we get the Euclidean metric, D 2 ðA;
AÞ ¼ ð P n i¼1 j2Aðx i Þ À 1j 2 Þ 1=2 P = ∞, we get the Sup metric, D 1 ðA; AÞ ¼ Sup i j2Aðx i Þ À 1j
We note that jAðx i Þ À Aðx i Þ ¼ j2Aðx i Þ À 1j is measuring the difference between the support for and against membership of x i in A.
In the preceding, we assumed a finite set, X = {x 1 , …, x n }. If X is an interval, X = [a, b], then the measure of fuzziness is
3. Clarity and fuzziness of intuitionistic set Let X be our universe of discourse. As introduced by Atanassov (1986 Atanassov ( , 1989 Atanassov ( , 2012 , an intuitionistic fuzzy subset associates with each x ∈ X, a pair <A Y (x), A N (x)>, where A Y (x) and A N (x) ∈ [0, 1] and A Y (x) + A N (x) ≤ 1. Atanassov denoted A Y (x) as the degree of membership and A Y (x) as the degree of non-membership. We shall refer to sum of A Y (x) and A N (x) as the degree of commitment at x and denote Com A (x) = A Y (x) + A N (x). Related to the degree of commitment is the degree of non-determinacy, lack of commitment,
We note for a standard fuzzy subset A with membership function A(x) then we have A Y (x) = A(x) and A N (x) = 1 − A(x). Thus, here Com A (x) = 1 for all x and Π A (x) = 0 for all x.
We now recall the basic operations on intuitionistic fuzzy sets introduced by Atanassov (1986 Atanassov ( , 2012 . Assume A is a fuzzy subset with membership <A Y (x), A N (x)>. Then its complement A is an intuitionistic fuzzy set with membership pair <
For two given intuitionistic fuzzy sets A and B, we say that A(
Our objective now is to suggest a simple measure of fuzziness in the spirit of the De Luca and Termini for intuitionistic fuzzy sets.
In anticipation of suggesting a measure of fuzziness for an intuitionistic fuzzy set, we introduce the concept of clarity. Assume is A an intuitionistic fuzzy set, we define the clarity of A at x as
We note that the measure of clarity is symmetric with respect to A Y (x) and A N (x), and they are treated in the same manner.
Proof:
We can provide alternative form for the measure of clarity.
We note that the measure of clarity can also be expressed as
We shall now define the compliment of clarity,
As we shall see, this is closely related to the measure of fuzziness. In anticipation of this, we shall more simply refer to Comp(Clarity A (x)) as Fuz A (z).
Let us first look at this in the case where A is a standard fuzzy set,
It is easy to see that in the case of a standard fuzzy subset that
Furthermore regarding the complement of the clarity, fuzziness, we observe
which is the form introduced earlier for measuring fuzziness. Thus, the complement of Clarity is compatible with the standard definition of fuzziness.
Let us now look at the case where Π A (x) > 0. Assume Com A (x) = a < 1. So here
We see that this has its largest value when
More generally we see that since Clarity
] then as the difference increases the clarity increases. Furthermore, we see that for any value of Com A (x), the maximal Clarity occurs when Max[A Y (x), A N (y)] = Com A (x) and the Min[A Y (x), A N (y)] = 0, in this case Clarity A (x) = Com A (x). The smallest value of Clarity occurs when A N (x) = A Y (x) in the case where Clarity A (x) = 0. We observe this is independent of the value of Com A (x). Here we see that for any a = Com A (x) then Clarity A (x) ∈ [0, a]. Furthermore, it always attains the value zero when A N (x) = A Y (x) and it always attains its largest value of a when Min[A Y (x), A N (x)] = 0.
We now see that with FUZ
. Thus, we see that there is always the opportunity for maximal fuzziness. If FUZ A (x) = 1, we see the smaller Π A (x), the more opportunity for non-fuzziness.
Using these ideas of clarity and fuzziness, we now provide a measure of fuzziness for an intuitionistic fuzzy set A defined on the space
Thus the measure of fuzziness introduced here always lies in the unit interval. More specifically we see
and then we have that FUZ(A) = 1 − 1 n P n j¼1 AðxÞ À AðxÞ which is one of measures introduced by Yager (1979 Yager ( , 1982 Yager ( , 1995 . This measure of fuzziness for an intuitionistic fuzzy set can be easily extended to the case where X is an interval, X = [a, b] . In this interval case
We see that we can easily calculate R b a A Y ðxÞ À A N ðxÞdx j jas the area between the two curves, A Y (x) and A N (x). Szmidt and Kacprzyk (2001) provided a generalization of the De Luca and Termini required conditions for a measure of fuzziness to the case of intuitionistic fuzzy sets. Assume A is an intuitionistic fuzzy set with membership and non-membership functions <A Y (x i ), A N (x i )> then any measure of fuzziness must satisfy the following conditions Let us now show that our measure satisfies these conditions
Characterization of fuzziness for intuitionistic fuzzy sets
and hence Clarity A (x i ) = 1 and therefore FUZ(x i ) = 0 and hence FUZ(A) = 0. (2) If A Y (x i ) = A N (x i ) then Clarity A (x i ) = 0 and hence FUZ A (x i ) = 1 and FUZ(A) = 1.
( Figure 2 . Again we see that Clarity A (x i ) ≤ Clarity B (x i ). (2001) introduced a measure of fuzziness for an intuitionistic fuzzy set. Central to their definition is the idea of MaxCount.
Szmidt and Kacprzyk
If <B Y (x i ), B N (x i )> is an intuitionistic membership grade then MaxCount(<B Y (x i ), B N (x i )>) = B Y (x i ) + Π B (x i ). However, we see that B Y (x i ) + Π B (x i ) = 1 − B N (x i ).
Let A be an intuitionistic fuzzy set and let E = A ∩
A and F = A ∪ A. Then the measure introduced by Szmidt and Kacprzyk was
Thus, the Szmidt-Kacprzyk measure can be expressed as
We clearly see a relationship between these two measures although, we believe, the form of the new measure is little simpler.
Generalized measure of fuzziness
It is possible to generalize the measure of fuzziness we introduced
Clarity A ðx i ÞÞ where Clarity A (x i ) ∈ [0, 1]. One way to generalize this measure is instead of using the simple average of the clarity of elements in X is to use an Ordered Weighted Average (OWA) aggregation (Yager 1988 ). Thus, we have a collection of n weights w i ∈ [0, 1] that sum to one. Using these we then take
where b j is the jth largest of the Clarity A (x i ). Here if w 1 = 1 and all other w j = 0 then
This is the smallest measure of fuzziness in this class. If w n = 1 and all other w j = 0 then FUZðAÞ ¼ 1 À Min i ½Clarity A ðx i Þ This is the largest measure of fuzziness in this class. If w j = 1/n then we get the original measure.
Yager (1988, 1993, 1996) associates with a set of OWA weights W a quantity feature called its attitudinal character, defined as AC(W) = P n j¼1 ðnÀjÞ nÀ1 w j . If w j = 1 then AC(W) = 1, if w j = 1/n for all j then AC(W) = 0.5 and if w n = 1 then AC(W) = 0. We see AC(W) ∈ [0, 1]. We note for a given collection of Clarity A (x j ), the larger AC(W), the smaller the measure of fuzziness.
Another way to generalize the measure of fuzzy is the way we did in Yager (1979) , that is
We see that when p = 1 then we get FUZ(A) = 1 − 1
Here we see a nice connection between the attitudinal character used in the OWA aggregation and the p
Fuzziness of interval-valued fuzzy sets
Let us now turn to the situation of interval-valued fuzzy sets (Mizumoto and Tanaka 1976; Türkşen 1996; Mendel and John 2002; Mendel, John, and Liu 2006; Walker, Walker, and Yager 2008; Mendel and Wu 2010) . We recall if F is an interval-valued fuzzy set over the space X then for each x ∈ X, the membership grade is represented as an interval, Atanassov and Gargov (1989) , Cornelis, Atanassov, and Kerre (2003) , and Deschrijver and Kerre (2003) , the authors show a correspondence between interval membership grades and intuitionistic membership grades. In particular, it is suggested that an interval membership grade [F L (x), F U (x)] corresponds to an intuitionistic membership grade
As we have earlier suggested the clarity of an intuitionistic membership pair <A Y (x), A N (x)> is
Here ∨ and ∧ represent the operations of Max and Min, respectively. The above inspires us to consider as a definition for the clarity for interval-valued membership grades the following:
An illustration of the nature of this definition is provided using Figures 3 and 4(a) and (b) .
We note that if F L (x) ≥ 0.5 then F U (x) ≥ 0.5 and (1 − F U (x)) ≤ 0.5 ≤ F L (x). If F U (x) ≤ 0.5 then F L (x) ≤ 0.5 but (1 − F U (x)) ≥ 0.5 ≥ F L (x).
We see from the preceding figure that clarity can be expressed as
A more formal justification of this formula can be had using the facts that (Yager and Filev 1994) ,
From this, we see that Max(a, b) − Min(a, b) = |a − b|.
In our case, a = (1 − F U (x)) and b = F L (x)) and hence we get
Since fuzziness is the complement of clarity, we get Figure 3 . Typical interval membership grade. We see that
Let us now look at some special cases. Assume F(x) is an ordinary fuzzy set, F L (x) = F U (x) = F(x). In this case,
This is the measure described earlier for a standard fuzzy set. Consider now the case of maximal range, F L (x) = 0 and F U (x) = 1. Here we get
and hence FUZ F (x) = 1, this is maximal fuzziness. We now make a fundamental observation about the measure of clarity,
Let us denote
This is the midpoint of the interval-valued membership grade. Using this we get
We further note that the clarity depends solely on the midpoint not on the range. Assume we add Δ to F U (x) subtract Δ from F L (x), this gives us
. Thus, we see since it depends on the sum of F U (x) + F L (x) it essentially depends on the midpoint of the interval. We see then
Since the midpoint M F ∈ [0, 1] in Figure 5 we plot the Fuz vs. M F . What is important to emphasize in the above is that the measure Fuz is independent of how we arrive at midpoint from the values F L and F U . That is, a standard fuzzy membership grade F L (x) = F U (x) = α has the same value for FUZ F (x) as an interval membership grade with F L (x) = α − Δ and F U (x) = α -Δ. That is, all that matters for the determination of fuzziness is the midpoint, F U ðxÞþF L ðxÞ 2 and not the range, F U (x) − F L (x). The meaning of the range can be more naturally understood if we return to its intuitive formulation,
). From this, we see that range is the lack of commitment. We see here that 1 − Range F (x) can perhaps provide a degree of confidence in our measure of fuzziness.
As in the preceding, we can use these pointwise measures fuzziness to provide a measure of fuzziness for an interval-valued fuzzy set F. Here then
Conclusion
We first reviewed the concept of fuzziness provided by DeLuca and Termini, and the view of fuzziness as related to the lack of distinction between a set and its negation. We then suggested a measure of fuzziness for intuitionistic fuzzy sets. We showed that this measure satisfied the required conditions for an intuitionistic measure of fuzziness introduced by Szmidt and Kacprzyk. We also compared our intuitionistic measure of fuzziness with one provided by Szmidt and Kacprzyk. We then took advantage of the connection between intuitionistic and interval-valued membership grades to transfer our intuitionistic measure of fuzziness to one suitable for interval-valued fizzy sets.
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